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We calculate the spectrum of a two dimensional CFT on a cylinder, perturbed by a general
linear combination of TT , JT and TJ , by utilizing the relation of this problem to certain
solvable single trace current-current deformations of the worldsheet theory of strings on
AdS3. We show that this spectrum is well behaved (i.e. the energies are real) if and only
if the dual bulk geometry is well behaved (i.e. the signature of the bulk spacetime is (1, 2)
and there are no closed timelike curves). We also comment on the relations of string theory
on AdS3 and its deformations to symmetric product CFT’s, matrix string theory, and a
black hole description of highly excited fundamental strings.
Dedicated to the memory of P. G. O. Freund
1. Introduction
About three years ago, two groups of researchers [1,2] discovered a class of irrelevant
deformations of two dimensional Quantum Field Theories (QFT’s) that, unlike generic such
deformations, appear to be under control at finite values of the coupling. The resulting
theories, often referred to as TT deformed QFT’s, or TT for short, are of interest from a
number of perspectives.
From the general QFT point of view, they are interesting because of the lore that
theories with irrelevant deformations are always effective, i.e. have a built in physical
cutoff. In TT , one can apparently flow up the RG without encountering ambiguities
and/or singularities.1 The mechanism for this is a prescription for flowing up the RG by
an infinitesimal amount, which involves a result of A. Zamolodchikov from 2004 [3].
Another reason for the interest in these theories is that they do not approach a con-
formal field theory (CFT) at high energies. Rather, for positive coupling, their high energy
spectrum exhibits Hagedorn growth, and appears to give the first example of a theory with
this behavior which is under analytic control. For negative coupling, one finds that highly
excited states have complex energies. Thus, the theory appears to be non-unitary in this
case.
TT deformed QFT is also of interest in the study of strings in confining gauge theories,
and in particular scattering on the worldsheet of such strings. It was discussed from that
point of view in [4-6] and other papers. It also seems to be related to a theory of gravity
(known as JT gravity) [6,7], and to the dynamics on (non-)critical fundamental strings
wrapped around a circle [2].
In one of the initial papers on the subject, [1], it was pointed out that the TT con-
struction can be generalized to a large class of theories which contain conserved currents,
with the analog of TT given by a product of currents. An example of such a theory was
proposed in [8] and solved in [9]. In these papers, the unperturbed theory was taken to
be a CFT with a left-moving conserved current J(x), and the analog of TT is the product
JT .
The resulting theory, which we will refer to as JT deformed CFT, has the property
that the energies of highly excited states in it are complex for all values of the coupling
[9]. Thus, at least naively, it is not unitary. A possible solution to this problem is to
1 For one sign of the coupling, that we will refer to as positive below. For negative coupling
one encounters both ambiguities and singularities.
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consider perturbations of two dimensional QFT’s that involve a linear combination of TT
and JT . Assuming that such perturbations lead to a sensible theory, one may hope that
for a sufficiently large TT coupling, unitarity is restored. This provides a strong motivation
to study theories that involve both types of perturbations.
As is well known, many two dimensional CFT’s are related by holography to string
theory on AdS3. It is natural to ask what is the effect of deformations such as TT , JT ,
etc, in this context. Operators like J , T and T correspond in the bulk string theory to
“single trace operators,” i.e. vertex operators integrated over the worldsheet of the string.
Thus, operators such as TT and JT correspond to double trace operators. The effect of
adding such operators to the spacetime Lagrangian in string theory was studied in [10-12].
To leading order in the coupling, it corresponds to modifying the boundary conditions for
the graviton on AdS3; the finite perturbation is harder to study using bulk techniques.
An intriguing holographic dual of TT deformed CFT with negative coupling was
proposed in [13]. It involves string theory on AdS3 with a physical UV cutoff at a radial
location related to the value of the coupling. This proposal was further discussed in [14-
17]. Some questions about it were raised, and its status is at present unclear. For positive
coupling, which corresponds to a more well behaved theory (in particular, one in which all
energies are real), there is no concrete proposal of a holographic dual. Thus, holography
does not seem to shed much light on questions like what is the bulk interpretation of the
exact solvability of these theories, of the Hagedorn spectrum one finds for positive coupling,
etc.
Interestingly, string theory contains a class of operators that are closely related to TT ,
JT , etc, that lead to deformations that can be studied exactly in the full string theory
on AdS3 (with Neveu-Schwartz H-flux) [18]. Unlike TT and its cousins, they are single
trace operators. Thus, the associated deformations correspond to adding local operators
to the worldsheet Lagrangian. As we review below, these operators are products of left
and right-moving currents on the worldsheet, and give rise to an exactly solvable theory –
a generalization of the abelian Thirring model.
The interplay between the study of these deformations in string theory and field theory
has been a fruitful direction of research in the last two years. It sheds light on both sides
of the duality; the string approach allows one to calculate things that are hard to calculate
in field theory, while the field theory leads to an improved understanding of holography
in spacetimes that are not asymptotically AdS (e.g. ones obtained by climbing out of the
near-horizon region of fundamental strings).
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Some special cases of the construction were discussed in previous papers. In particular,
TT deformed CFT was studied in [18-23], and JT in [9,24,25]. It was shown in these papers
that the string theory construction gives the same spectrum as the field theory, and the
presence (absence) of states with complex energies is related to the presence (absence)
of pathologies in the dual geometry, in particular, the presence of closed timelike curves
(CTC’s).
The purpose of this paper is to extend the construction to a general linear combination
of TT , JT and TJ deformations of a CFT which contains a conserved left (right)-moving
current J (J). From the string theory point of view, it is clear that the solvability of the
model should extend to all values of the couplings, since on the worldsheet it corresponds
to a generalized abelian Thirring model. Thus, string theory allows one to compute the
spectrum of a field theory that is harder to study directly.
One of the goals of the study is to expand the set of theories for which the spectrum
is real, and analyze their properties as a function of the couplings. Another goal is to
compare the conditions on the couplings that are necessary for the spectrum to be real to
the conditions that are necessary for the dual bulk geometry to be regular.
The plan of the paper is the following. In section 2, we review some features of string
theory on AdS3 that play a role in our later discussion. We discuss the subsector of the
theory that describes the dynamics of long strings, and its description as a symmetric
product CFT. We also discuss some of the evidence for the conjecture that the full string
theory on AdS3 is described by a symmetric product CFT, and some properties that the
block CFT must have in that case.
In section 3, we introduce the irrelevant single trace deformations of interest. We
describe them as current-current deformations of the worldsheet CFT, and as deformations
of the building block of the symmetric product CFT describing long strings.
In section 4, we study the spacetime geometry of the deformed theory. We write
the worldsheet sigma model action and read off from it the spacetime fields that form this
background. We find the conditions on the couplings that are necessary for the background
to be regular, have the usual Lorentzian signature, and no CTC’s.
In section 5, we compute the string spectrum in the deformed background. We read
off from it the spectrum of a general CFT perturbed by a general combination of TT , JT
and TJ , and study the conditions on the couplings that are necessary for all energies to
be real. We find that these conditions are exactly the same as those found in section 4 for
the regularity of the dual background.
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In section 6, we summarize and discuss our results. Four appendices contain some
details, concerning results and statements used in the text.
For some additional interesting work on related subjects see [26-51].
Note added: After this work was completed, we received [52], which studies the spec-
trum of the theory with all couplings turned on. Their results appear to agree with ours.
2. Aspects of string theory on AdS3
In this section we briefly discuss perturbative string theory on AdS3 with NS-NS H-
flux, as preparation for the study of a class of irrelevant deformations of this theory in later
sections. The understanding of this theory is incomplete at present, but we will describe
some things that are known about it, and mention some that are more conjectural. When
discussing examples, we will mainly consider backgrounds that preserve N = 2 or larger
supersymmetry, such as AdS3 × S3 × T 4 (which preserves (4, 4) SUSY).
The worldsheet theory for a string propagating on AdS3 is described by a σ-model on
the SL(2, IR) group manifold. It is invariant under left and right-moving SL(2, IR) current
algebras at level k. This level is related to the radius of curvature of AdS3 in string units,
RAdS =
√
kls. The current algebra plays an important role in analyzing the theory, and in
particular in studying its spectrum, symmetries and correlation functions. In particular,
the zero modes of the left-moving currents J−SL(z), J
3
SL(z) and J
+
SL(z) give in spacetime
the left-moving global conformal charges L−1, L0 and L1, respectively, and similarly for
the right-movers. The full Virasoro algebra in spacetime is also constructed using these
currents [53,54].
The AdS/CFT correspondence relates string theory on AdS3 to a two-dimensional
conformal field theory living on the boundary, which is usually refered to as the boundary
or spacetime CFT. For pure NS-NS H-flux, this theory has the following properties, that
will be important for our discussion below:
(1) The theory has an SL(2,C) invariant vacuum,2 the NS vacuum, which corresponds
in the bulk description to AdS3 in global coordinates. The boundary of global AdS3
is a cylinder, with SUSY broken by boundary conditions. The Ramond vacuum of
the spacetime CFT, which preserves SUSY, corresponds in the bulk description to the
M = J = 0 BTZ black hole.
2 In Lorentzian signature, SL(2,C) is replaced by SL(2, IR)× SL(2, IR).
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(2) In the NS sector, the spectrum of excitations consists of a sequence of discrete states
which come from the principal discrete series representations of SL(2, IR), followed by
a continuum of long string states. The continuum starts at dimension ∼ k/2, and is
described by applying spectral flow to the principal continuous series states. There
are also discrete states obtained by applying spectral flow to the principal discrete
series [55].
(3) In the Ramond sector, the spectrum contains a continuum of long string states above
a gap of order 1/k, associated with the principal continuous series. It may also have
states coming from the principal discrete series.
(4) The theory on a single long string in global AdS3 was analyzed in [56]. In string
theory on AdS3 ×N , it is described by a σ-model on3
M(L)6k = IRφ ×N . (2.1)
The coordinate φ parametrizes the location of the string in the radial direction of
AdS3; the boundary is at φ→∞. The theory on IRφ has a linear dilaton with slope
Q(L) = (k − 1)
√
2
k
. (2.2)
The central charge of the theory (2.1) is given by
cM = 6k, (2.3)
which explains the subscript on the l.h.s. of (2.1). An example is string theory on
AdS3×S3×T 4, whereM(L)6k = IRφ×SU(2)k×T 4, a CFT with (4, 4) superconformal
symmetry.
(5) The effective string coupling on the long string, gs ∼ exp(Q(L)φ), increases as the
string moves towards the boundary.4 Thus, the physics of long strings near the
boundary is strongly coupled. This observation plays an important role in study-
ing the spacetime CFT [57].
An interesting open problem is what is the spacetime CFT corresponding to a given AdS3
vacuum. There is strong evidence for the conjecture that the long string states are well
described by the symmetric product CFT(
M(L)6k
)p
/Sp , (2.4)
3 The superscript (L) stands for long string. The subscript will be explained momentarily.
4 For k > 1; for k < 1 it decreases, and the physics is different [57].
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where p is the number of strings that make up the vacuum.5 One way to understand this
is to follow the logic of matrix string theory [61,62]. It was shown in that context, that
if the theory living on a string wrapping once around a circle is M, then the symmetric
product CFT MN/SN provides an effective description of the Hilbert space of N free
strings. Untwisted sector states describe N strings, each winding once around the circle,
while Zw twisted states (with w = 2, 3, · · · , N) describe strings that wind w times around
the circle. General states corresponding to n strings with windings (w1, · · · , wn), with
w1 + · · · + wn = N , are described in terms of conjugacy classes of the symmetric group
(2.4).
The work on matrix string theory is relevant for long strings on AdS3 since they are
weakly coupled in a wide range of positions in the radial direction. As mentioned in (5)
above, eventually, when the strings move far enough towards the boundary in the radial
direction, their coupling becomes large, and one expects corrections to (2.4) to become
important. We will discuss such corrections below.
Another piece of evidence for the symmetric product structure (2.4) is the spectrum
of fundamental strings on AdS3. As an example, in the Ramond sector of the spacetime
CFT, which as mentioned above corresponds to the massless BTZ background in string
theory, the spectrum of long strings is given by [63]
EL,R =
1
w
[
−j(j + 1)
k
+NL,R − 1
2
]
, (2.5)
where
EL =
R
2
(E + P ) ; ER =
R
2
(E − P ) ; P ∈ 1
R
Z , (2.6)
and R is the radius of the spatial circle on the boundary. NL,R are the left and right-moving
excitation levels of the string.
For long strings moving with momentum p in the radial direction one has
j = −1
2
+ is; s ∈ IR, (2.7)
with p = s
√
2
k
in string units. The quantum number w = 1, 2, · · · in (2.5) is the winding
number of the string around the boundary circle. This quantum number is not conserved.
5 One can think of AdS3 backgrounds of the sort discussed here as obtained from linear dilaton
backgrounds, i.e. vacua of Little String Theory [58,59], by adding to them p fundamental strings
[60]. This gives rise in the near-horizon geometry of the strings to an AdS3 vacuum with string
coupling g2s ∼ 1/p.
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To make contact with (2.4), we note that in a symmetric product CFT, MN/SN ,
states in the Zw twisted sector have energies
EL = hw − kw
4
; ER = hw − kw
4
, (2.8)
where hw, hw are the left and right-moving scaling dimensions of the operator that creates
the state in question from the SL(2,C) invariant vacuum. States with w = 1 are those of
the original CFTM. For every such state with left-moving dimension h1, there is a state
in the Zw twisted sector, with dimension hw given by [64-66]
hw =
h1
w
+
k
4
(
w − 1
w
)
, (2.9)
where we took the central charge ofM to be cM = 6k, as in (2.4). Similar formulae apply
to the right-movers.
The string spectrum (2.5) has similar properties. A state in the winding one sector
(w = 1) is labeled by the choice of excitation levels NL,R and, for a long string, a choice
of the radial momentum s, (2.7). For a given value of these parameters, one can check
using (2.5) – (2.8) that (2.9) is satisfied for all states, in agreement with the proposal (2.4),
[57,66].
There are other motivations for the validity of (2.4) for long strings, one of which
is the study of irrelevant deformations such as TT , JT , etc. As we discuss in the next
sections, assuming (2.4) leads to non-trivial agreement between field theoretic and string
theoretic analyses of the spectra of such irrelevant deformations of CFT’s [18-24].
So far we studied long strings on AdS3, and in particular some of the evidence that
their dynamics is described by the symmetric product CFT (2.4). This correspondence is
sufficient for the analysis in the rest of this paper, and in principle we could stop this section
at this point. However, it is natural to ask what is the structure of the full spacetime CFT,
and in particular whether it could also take a symmetric product form,
(M6k)p /Sp , (2.10)
perhaps only at large p. In the rest of this section we examine this possibility. We want to
stress that we are not claiming that the full spacetime CFT takes the form (2.10). Rather,
we are discussing the question what properties the block CFT M6k must have, assuming
(2.10).
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The long string effective theory (2.4) has the property that the SL(2,C) invariant
vacuum is not in the spectrum. In each factorM(L)6k there is a gap of size hmin = 18
(
Q(L)
)2
in the spectrum of scaling dimensions. Thus, the gap in the full theory is p8
(
Q(L)
)2
. On
the other hand, as mentioned above, string theory on AdS3 does have an SL(2,C) invariant
vacuum. Thus, this must be a property of the block M6k in (2.10).
String theory on AdS3 is also believed to give rise to a unitary and modular invariant
spacetime CFT with c = 6kp. This, together with the fact that the SL(2,C) invariant
vacuum is a normalizable state in the theory, implies that the entropy grows at large
scaling dimensions, h, h≫ kp/4, like
S = 2π
√
kp
(√
h+
√
h
)
. (2.11)
On the other hand, the long string theory (2.4) has a smaller entropy, obtained from (2.11)
by replacing k → 2 − 1
k
. Therefore, most of the states contributing to the entropy (for
k > 1, [57]) are not fundamental string states. This is not surprising, as in general the
Cardy entropy (2.11) agrees with the Bekenstein-Hawking entropy of black holes [67], in
this case BTZ black holes in AdS3. Thus, one expects most of the entropy to come from
non-perturbative states in string theory, and to be larger than that of perturbative strings.
What is somewhat surprising is that if the symmetric product picture (2.10) is correct,
the energy at which such non-perturbative states first appear is lower than what one
might expect. Indeed, consider the block generating the symmetric product (2.10), M6k.
Since, as mentioned above, it is expected to be unitary, modular invariant and contain an
SL(2,C) invariant vacuum, its entropy must approach (2.11) with p = 1 at large scaling
dimensions, h, h≫ k/4(= cM/24). On the other hand, as mentioned above, the spectrum
of perturbative strings has the same growth with k → 2− 1
k
, which is smaller (for k > 1).
Thus, most of the states with h, h≫ k/4 are non-perturbative.
This is surprising since it means that the perturbative string description of this theory
breaks down at energies that remain finite in the limit gs → 0 (recall that in this class of
theories g2s ∼ 1/p). Usually in string theory, physics at energy scales that remain finite in
the limit gs → 0 is well described by the worldsheet analysis.
One way to understand this phenomenon is to think about the physics from the
point of view of the Little String Theory (LST) underlying the AdS3 vacuum in question.
As mentioned above, we can think of string theory on AdS3 × N as obtained from a
two dimensional vacuum of LST, described in the bulk by the linear dilaton background
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IRφ × IRt × S1 × N [58-60], by placing p fundamental strings wrapping the S1 into the
throat labeled by φ. A long string state (say with w = 1) of the sort described above
corresponds to a configuration where p−1 strings condense at φ→ −∞ while the last one
is separated from them in the radial direction. When this separation is large, the geometry
near that string looks like AdS3×N , but now with p = 1, i.e. the coupling near the string
is not small. Hence, the theory on the string, which perturbatively is M(L)6k (2.1), has
many more states obtained by replacing the AdS3 geometry with p = 1 in a state with a
perturbative string excitation, by a BTZ black hole with the same quantum numbers.
This explains why the perturbative description of the theory on a long string is cor-
rected due to non-perturbative effects, in the regime where long strings can exist. In the
NS sector of the spacetime CFT, this happens for scaling dimensions above the gap to the
long strings, h = k/4. In the Ramond sector, the gap is of order 1/k (see appendix A for
a more detailed discussion).6
The above discussion clarifies the sense in which the spacetime CFT corresponding
to string theory with purely NS-NS H-flux is singular [56]. In addition to the continuum
above a gap, it has the property that non-perturbative (in gs) effects affect the physics
at energy scales that do not depend on the value of the underlying string coupling, which
can be taken to be arbitrarily small. The situation is reminiscent of string theory on a
singular or near-singular Calabi-Yau manifold, where the underlying string coupling can
be taken to be arbitrarily small, but the masses of non-perturbative states such as localized
D-branes can be held fixed, and even go to zero, as one approaches a singular point in
moduli space (see e.g. [68,60,69,70]).
The discussion above focused on the relation of the perturbative block M(L)6k (2.1) to
the non-perturbative oneM6k (2.10). In matrix string theory, the description of wrapped
strings also involves turning on a twist field that exchanges copies of the block [61,62]. In
our case such a twist field is irrelevant for k > 1, and hence cannot appear in the low
6 Note that this does not invalidate the discussion of perturbative long string states around
equations (2.5) – (2.7), since the wavefunctions of such states have support in the wide region
where the theory is weakly coupled. Rather, it implies that there are additional states that
are supported in the strongly coupled region, that have energies comparable to those of the
perturbative states. The situation is similar to that in Liouville-type theories, where there is a
continuum of scattering states living far from the wall, and there may be additional states whose
wavefunctions are localized near the wall, some or all of which may be non-perturbative.
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energy theory.7 For k = 1, it is marginal and thus can play a role; in general, one expects
it to.
We finish this section with a few comments:
(1) The usual BTZ black holes dominate the spectrum for dimensions h≫ kp/4(= c/24).
In the description (2.10), one can think of them as states in which the energy is
distributed among all the factors in the symmetric product, E = E1 +E2 + · · ·+Ep.
Most of the entropy is in states where the energy is divided roughly equally among
all the factors.
(2) An example of the above discussion is string theory on AdS3 × S3 × T 4. A natural
candidate for the block M6k in this case is8 M6k =
(
T 4
)k
/Sk. For k ≥ 2 this
model has a modulus in the Z2 twisted sector, and for a particular value of this
modulus the CFT is singular; this is the point corresponding to M6k. The region
near the singularity is described by a throat theory of the sort (2.1). Many of its
properties can be determined by symmetry considerations. The CFT
(
T 4
)k
/Sk has
(4, 4) superconformal symmetry and central charge 6k. The superconformal algebra
includes an SU(2)R current algebra at level k. This algebra must be realized in the
throat theory as well. This, together with the expected appearance of a linear dilaton
direction, φ, leads to the expectation that the throat of this theory contains a factor
IRφ × SU(2)k. In addition, the theory must contain left and right-moving U(1)4
currents. Thus, the minimal scenario for the form of the throat theory of
(
T 4
)k
/Sk
is IRφ×SU(2)k×T 4, with the dilaton slope given by (2.2). This is the same as (2.1),
with N = SU(2)k × T 4.
(3) The case k = 1 in the discussion above, which corresponds to the low-energy dynamics
of p strings near a single fivebrane, is special. Setting k = 1 in the formulae above,
gives
(
T 4
)p
/Sp (for the spacetime CFT). This theory again contains a modulus in
the Z2 twisted sector, but now it is not part of the theory describing the block M6k.
There are two natural values of this modulus: the one corresponding to the standard
orbifold theory, and the one corresponding to a singular theory. The discussion above,
as well as that of [71], suggest that the correct value is the singular one. Note that:
(a) For k = 1, the description as string theory on AdS3×S3×T 4 does not make sense,
7 In fact, this observation provides an additional motivation for the conjecture that the full
spacetime CFT corresponding to string theory on AdS3 takes the symmetric product form (2.10).
8 The discussion below is related to that of [71].
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since it involves a negative level SU(2) WZW model [58], but the infrared theory of
the brane system above should still exist; (b) U-duality relates the case of p strings
and one fivebrane to that of p fivebranes and one string, which was discussed above.
The CFT is the same in both cases, and it is singular.
3. Some solvable irrelevant deformations of string theory on AdS3
As described in the previous section, string theory on AdS3 is equivalent to a two-
dimensional CFT. Thus, one can use it to study irrelevant deformations of the sort dis-
cussed in the last few years, such as TT [1,2] and JT [8,9]. From the bulk point of view,
these are multi-trace deformations. Interestingly, the understanding of these deformations
in string theory is much less complete than in field theory. In particular, there is no under-
standing from the string theory point of view why these deformations are exactly solvable
in field theory.
At the same time, string theory naturally contains a class of closely related deforma-
tions, that are much better understood [18,19,9,24]. In this section we briefly review these
deformations, as preparation for the analysis of the next few sections.
String theory in any background of the form AdS3×N contains an operator, D(x, x),9
constructed in [54], that has many properties in common with the operator T (x)T (x) in
the spacetime CFT. This operator is a quasi-primary of dimension (2, 2), and has the
same OPE with the stress-tensor as TT . However, unlike TT , D is a single trace operator,
which is described in string theory by a vertex operator integrated over the worldsheet,
rather than products of such integrated vertex operators, which correspond to multi-trace
operators.
It is natural to ask what happens when we perturb the spacetime Lagrangian by
D(x, x). As shown in [18], this is the same as adding to the worldsheet Lagrangian the
operator
δL = λJ−SLJ
−
SL , (3.1)
where J−SL (J
−
SL) is the left-moving (right-moving) SL(2, IR) current whose zero mode
gives rise to the spacetime Virasoro generator L−1 (L−1). Already at this level, we see
a number of parallels between the deformation (3.1) and TT in the spacetime CFT. In
particular, since the currents J−SL and J
−
SL have spacetime scaling dimensions (1, 0) and
9 (x, x) are coordinates on the boundary of AdS3.
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(0, 1), respectively, λ in (3.1) has dimension (−1,−1), like the TT coupling. Furthermore,
the deformation (3.1) is exactly solvable in string theory, since it corresponds to a truly
marginal deformation of the worldsheet theory. This is reminiscent of the fact that the TT
deformation is exactly solvable in field theory.
To better understand the relation between (3.1) and TT , we appeal to the discussion
of the previous section. In particular, we would like to understand the action of this
deformation on the long string states. As we saw in section 2, these states are described by
the symmetric product CFT (2.4). Thus, we need to understand the role of the coupling
λ in that CFT.
Local single-trace operators in string theory correspond in the symmetric product to
operators of the form
p∑
j=1
Oj(x, x), (3.2)
where Oj is an operator in the j’th copy of the block of the symmetric product. Thus, we
expect D(x, x) to be expressible as
D(x, x) =
p∑
j=1
Dj(x, x), (3.3)
where Dj is a dimension (2, 2) quasi-primary operator living in the j’th copy of M(L)6k .
There is a natural candidate for such an operator, Dj = TjT j , the product of the holomor-
phic and anti-holomorphic stress-tensors in the j’th block. In a particular AdS3 vacuum
there could be additional operators with the right properties, however, the fact that the
operator D(x, x) is universal – it exists in all AdS3 vacua of string theory – implies that it is
proportional to a sum of TT operators in each block. Indeed, for general N , string theory
on AdS3 ×N does not contain another operator with the same properties. Therefore, Dj
(3.3) must be identified with TjT j .
If the spacetime CFT is supersymmetric, with (2, 2) or larger supersymmetry, we have
some additional structure. In the bulk, vacua with (2, 2) SUSY correspond to backgrounds
of the form AdS3×N , where N contains U(1)L and U(1)R current algebras (on the world-
sheet), and N /U(1) is (2, 2) superconformal [72,73]. In such theories, the operator D(x, x)
is a top component of a spacetime superfield, whose bottom component has dimension
(1, 1). This dimension (1, 1) operator has the same OPE’s with the (super) currents as the
operator
∑p
i=1 JiJ i, where Ji (J i) is the left (right)-moving U(1)R current in the spacetime
SCFTM(L)6k , and i labels the copies.
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Thus, the question of uniqueness of the identification of D(x, x) with
∑
j TjT j reduces
in this case to the question whether in a (2, 2) superconformal field theory there exists a
dimension (1, 1) operator with the same OPE’s with the currents as J(x)J(x). In general
the answer is no, and since the string construction applies to a large class of models
(different N ’s with the properties listed above), this identification must be correct.
We conclude that turning on the coupling (3.1) in string theory on AdS3 corresponds,
in the symmetric product (2.4) that describes long strings, to a TT deformation of the
block generating the symmetric product M(L)6k . In particular, the energies of long string
states, (2.5) – (2.7), must evolve under the deformation (3.1) in the same way as they
would under the dual TT deformation. It has been shown in [18,19,9] that this is indeed
the case. This provides strong evidence for the picture presented in section 2, and gives a
powerful tool for studying TT deformed CFT and related theories using string theory.
The string description sheds light on certain qualitative properties of the spectrum
of TT deformed CFT. The original analysis of [1,2] found that the spectrum depends
sensitively on the sign of the coupling. For positive coupling one finds a real spectrum with
Hagedorn growth, while for negative coupling the spectrum is pathological – the energies
of highly excited states in the original CFT become complex after the deformation, which
seems inconsistent with unitarity.10
In the string description, these properties reflect the geometry of the deformed space-
time corresponding to (3.1). For positive coupling, the deformation (3.1) modifies the
AdS3 spacetime in the UV (near the boundary) to an asymptotically linear dilaton one,
which describes a two-dimensional vacuum of Little String Theory. The latter is known
to have a Hagedorn density of states (see e.g. [74]), which explains the appearance of this
behavior in the deformed theory (3.1).
For negative coupling, the deformation (3.1) modifies the AdS3 in the UV to a geom-
etry which has a singularity at a finite value of the radial coordinate, beyond which one
finds closed timelike curves. This explains the pathological UV behavior of the spectrum
– it results from string quantization in a pathological spacetime. It has been argued in
10 For positive coupling, the NS ground state energy turns complex if the coupling is larger than
a certain critical value. As explained in [36], this can be understood as follows. TT deformed CFT
is a non-local theory, as reflected in its Hagedorn spectrum. Compactifying it on a circle whose
size is below the non-locality scale leads to the above phenomenon. This is qualitatively different
from what happens for the other sign of the coupling, for which energies of highly excited states
are complex for all values of R.
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[37,25] that the breakdown of unitarity is associated with the closed timelike curves (rather
than the singularity); we will provide more support for this below.
The above discussion has an interesting generalization that involves affine Lie algebras.
If the internal worldsheet CFT N contains left (right)-moving conserved currents K(z)
(K(z)), one can construct left (right)-moving currents in the spacetime theory J(x) (J(x))
[54]. Following the construction of D(x, x), one can also construct dimension (1, 2) and
(2, 1) operators, A(x, x) and A(x, x), respectively [54]. These operators have the following
properties:
(1) A(x, x) has the same dimension and OPE’s with the currents as J(x)T (x). However,
unlike that operator, it is a single trace operator. A(x, x) is related in a similar way
to T (x)J(x).
(2) In the symmetric product CFT (2.4), one can think of the operator A as
A(x, x) =
p∑
j=1
Jj(x)T j(x), (3.4)
and similarly for A(x, x).
(3) Adding the operator A(x, x) to the spacetime Lagrangian is the same as adding to
the worldsheet Lagrangian the term
δL = ǫ+K(z)J−SL , (3.5)
and similarly for A(x, x). These perturbations are irrelevant in spacetime but marginal
on the worldsheet. More generally, one can add to the worldsheet Lagrangian a
combination of all these couplings,
δLws = λJ−SLJ
−
SL + ǫ+KJ
−
SL + ǫ−J
−
SLK. (3.6)
On the worldsheet, this leads to a conformal manifold (a moduli space of conformal
field theories). Moreover, the theory is solvable using standard techniques for all
values of the couplings. In spacetime, this corresponds to deforming the block of
the symmetric product (2.4),M(L)6k , by a combination of the corresponding irrelevant
couplings,
δLst = −
(
tTT + µ+JT + µ−TJ
)
. (3.7)
(4) Turning on only λ in (3.6) (and, therefore, only t in (3.7)) one gets the theory analyzed
in [1,2,18,19]. The spectrum obtained from the string theory analysis agrees with that
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found in field theory. Similarly, turning on only ǫ+ in (3.6) (and, therefore, only µ+ in
(3.7)) gives the theory analyzed in [8,9,24]. Again, the field and string theory analyses
agree. This provides strong support for the picture presented in section 2.
(5) In string theory, one can generalize the analysis of the spectrum to the case where all
the couplings in (3.6) are turned on. The discussion of this and the previous section
predicts that this spectrum should agree with the field theory analysis for general
values of the couplings (3.7).
In the next few sections, we will discuss some properties of the theory (3.6). In particular,
we will describe the modifications of the AdS3 geometry induced by these irrelevant defor-
mations, the spectrum of excitations in the resulting geometries, and the relation between
pathologies of the geometries and pathologies of the corresponding spectra. Our main goal
in this analysis is to use irrelevant deformations of the sort (3.7) to generalize the notion
of holography beyond the AdS/CFT paradigm, and see what new issues arise.
One of the motivations for this work was that the theory with only ǫ+ turned on in
(3.6), and correspondingly only µ+ turned on in (3.7), has a pathological spectrum (in the
same sense as TT deformed CFT with negative coupling – the energies of highly excited
states are complex) for all values of the coupling. One way to fix this problem is to add
in addition to the JT coupling a positive TT coupling, λ in (3.6) (or, equivalently, the
corresponding t in (3.7)). If this coupling is large enough, we expect the theory to be
well behaved. Thus, there must be a critical value ǫ+(λ) for which unitarity is lost. It is
interesting to understand the theory in the vicinity of this critical value, and the physical
origin of the loss of unitarity.
4. Marginal deformations of the worldsheet sigma model
In this section we start our analysis of the deformations (3.6) in string theory on AdS3.
We will take the worldsheet U(1) currents K(z) and K(z) to be associated with left and
right-moving momenta on a circle labeled by y,
K = i∂y, K = i∂y. (4.1)
Another possible choice (discussed in appendix B) would be to take K to be associated
with left-moving momentum on one circle, K = i∂y1, and K to be associated with right-
moving momentum on another, K = i∂y2. The main difference between the two choices
is the spectrum of charges in the unperturbed theory. As we will see, the dependence of
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the energies on the charges once the perturbation (3.6) has been turned on is not really
different. The two choices of K, K also differ in the natural value of the contact term
in the product K(z)K(w) = Cδ2(z − w). Different choices of C correspond to different
choices of coordinates on the space of theories, but do not change the space itself [75].
More generally, our analysis is applicable to any worldsheet CFT with a U(1)L×U(1)R
affine symmetry. States carry charges (qL, qR) under this symmetry; the precise spectrum
of charges depends on the particular CFT. We then deform the theory as in (3.6), (3.7),
and compute the worldsheet sigma model and spectrum of the resulting theory. While
the structure of the sigma model will depend on the detailed construction (e.g. it will be
different in the analysis of this section and that of appendix B), the dependence of the
energies of states in the deformed theory on the couplings and charges of the undeformed
ones will be the same, except for a possible reparametrization of the space of theories
due to a different choice of the contact terms in the undeformed theory, mentioned in the
previous paragraph. The reason for this is the universality of the deformations (3.6), (3.7);
this universality was emphasized and used extensively in [36,37] for the special case of pure
TT and JT deformations.
In spacetime supersymmetric theories there are two classes of currents we can con-
sider. One is currents that give via the standard construction (e.g. [53,76,54,72,73,77])
U(1)R currents in the spacetime CFT. An example is the worldsheet SU(2) currents in
string theory on AdS3 × S3 × T 4. These currents give rise to the spacetime SU(2)R sym-
metry, which is part of the N = 4 superconformal algebra. For such currents, adding
the perturbations (3.6) in general breaks supersymmetry, since the operator A(x, x) that
is added to the spacetime Lagrangian is in this case a bottom component of a superfield
w.r.t. the left-moving superalgebra, and similarly for A(x, x), with left ↔ right. A special
case of (3.6) for such currents was studied in [24].
The second class of currents is one for which the operators A, A are top components
of superfields, so that the perturbation (3.6) does not break supersymmetry (of course,
it does break conformal symmetry and, in general, Lorentz symmetry). An example is
currents associated with the T 4 in AdS3×S3 × T 4. We will mainly think of such currents
below.
Our goal in this section is to find and discuss the exact worldsheet sigma-model action
on AdS3 × S1 with a general deformation of the form (3.6). We will be interested in the
case where the boundary is a cylinder with SUSY preserving boundary conditions. The
corresponding bulk geometry is massless BTZ × S1. This background is obtained by
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compactifying the spatial direction on the boundary of AdS3 in Poincare´ coordinates. In
these coordinates, an element g ∈ SL(2, IR) is parametrized as
g =
(
1 0
γ 1
)(
eφ 0
0 e−φ
)(
1 γ
0 1
)
=
(
eφ γeφ
γeφ e−φ + γγeφ
)
. (4.2)
The WZW action on AdS3 × S1 is given by
S =
k
2π
∫
d2z
(
∂φ∂φ+ e2φ∂γ∂γ +
1
k
∂y∂y
)
. (4.3)
This action is invariant under left and right-moving affine SL(2, IR)× U(1) symmetries.
In (4.3), φ is the radial direction, while (γ, γ) parametrize the boundary, IR1,1. The
M = J = 0 BTZ black hole is obtained by compactifying the spatial coordinate γ1 on a
circle of radius R/
√
α′,
γ = γ1 + γ0 , γ = γ1 − γ0 ; γ1 ≃ γ1 + 2πR/
√
α′ , (4.4)
with periodic boundary conditions for all fields.
The deformation (3.6) is shown in appendix C to give rise to the sigma model action
S(λ, ǫ+, ǫ−) =
k
2π
∫
d2z
(
∂φ∂φ+ h∂γ∂γ +
2ǫ+h√
k
∂y∂γ +
2ǫ−h√
k
∂γ∂y +
f−1h
k
∂y∂y
)
,
(4.5)
where
f−1 =λ+ e−2φ,
h−1 =λ− 4ǫ+ǫ− + e−2φ.
(4.6)
There is also a (four dimensional) dilaton background,
e2Φ = g2se
−2φh . (4.7)
The deformed action (4.5) – (4.7) is invariant under U(1)L,null×U(1)R,null×U(1)L×U(1)R
affine symmetry, corresponding to translations of γ, γ, and the left and right-moving
coordinates on the circle, yL and yR, respectively.
One can check that the background (4.5) satisfies the conformal invariance conditions
(vanishing of the worldsheet beta-functions) to leading order in α′. In the fermionic string,
this background preserves (2, 2) worldsheet supersymmetry (see e.g. [78]), which implies
the vanishing of the worldsheet beta-functions to all orders in α′ [79]. As mentioned
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above, in many cases one can perform a chiral GSO projection that leads to a spacetime
supersymmetric theory [53,76,54,72,73,77].
Upon Kaluza-Klein (KK) reduction along the y direction, one obtains the 2 + 1 di-
mensional metric, dilaton Φ, KK scalar field σ, antisymmetric B-field and gauge fields
A:
ds2 =k
(
dφ2 + hdγdγ − fh (ǫ+dγ + ǫ−dγ)2
)
,
e2Φ =g2se
−2φ
√
fh , e2σ = h/f ,
Bγγ =
kh
2
, Aγ = 2
√
kǫ+f , Aγ = 2
√
kǫ−f ,
(4.8)
where the functions f, h are given in (4.6).
In the infrared region φ → −∞ the background (4.8) approaches massless BTZ, the
undeformed geometry at λ = ǫ± = 0. The string coupling approaches the constant value
gs ∼ 1/√p. As φ increases, the deviation from massless BTZ grows, as expected since the
dual deformations of the spacetime CFT (3.7) are irrelevant. In particular, the deformation
(3.6) changes the structure of the boundary at φ→∞, and it is interesting to analyze the
form of the resulting bulk geometry for various values of the coupling.
Looking back at (4.6), we see that for generic λ, ǫ±, as φ→∞ the functions f and h
approach constant values,
f =
1
λ
, h =
1
λ− 4ǫ+ǫ− . (4.9)
The background (4.8) approaches in this limit a linear dilaton geometry with gauge field,
B-field and scalar σ, that go to constant values at the boundary.
Two special cases of the geometry (4.8) were discussed before:
(1) ǫ± = 0: in this case f = h (4.6). The resulting background (4.8) appeared in [80]. In
the context of holography it was studied in [60,18], where it was referred to as M3.
For positive λ it smoothly interpolates between massless BTZ in the IR and a linear
dilaton background in the UV. For negative λ there is a singularity at finite φ, beyond
which the role of space and time on the boundary are interchanged. In that region
the γ1 circle (4.4) becomes a closed timelike curve.
(2) λ = ǫ− = 0: in this case, f(φ) = h(φ) = e
2φ, and one obtains the simplest example
of ‘warped AdS3,’ which appeared e.g. in the context of the AdS/cold atoms corre-
spondence [81,82], and as a toy model for the Kerr/CFT correspondence [83]. The
corresponding geometry (4.8) appeared in [84] (see also [85]). It has closed timelike
curves at large φ, but no singularity [9,24].
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More generally, one can proceed as follows. Absence of closed timelike curves requires that
for fixed φ and γ0, the γ1 circle is spacelike. This implies that the coefficient of dγ
2
1 in
(4.8) must be positive for all φ,
h(φ)
[
1− f(φ)(ǫ+ + ǫ−)2
]
> 0 . (4.10)
Consider first the case λ < 0. Sending φ→∞ in (4.10) and using (4.9), we conclude that
positivity of (4.10) at large φ requires λ > 4ǫ+ǫ−. Looking back at (4.6), we see that h(φ)
is then positive for all φ. Absence of CTC’s in the geometry (4.8) then requires that the
term in square brackets in (4.10) must be positive for all φ as well. But, the first line of
(4.6) says that this is not the case – for negative λ, f(φ) diverges near the singularity at
e−2φ = |λ|, and the inequality (4.10) is violated in the vicinity of that point. Hence, we
conclude that for λ < 0 there are always CTC’s in the bulk geometry.11
For λ > 0, one has to discuss separately the cases λ > (ǫ+ + ǫ−)
2 and 0 < λ <
(ǫ+ + ǫ−)
2. In the former case, one can show that λ also satisfies λ > 4ǫ+ǫ−, and (4.10) is
satisfied for all φ. Hence, the geometry is regular and free of CTC’s. On the other hand,
for 0 < λ < (ǫ+ + ǫ−)
2 to satisfy (4.10) at large φ one must have λ < 4ǫ+ǫ−. Thus, h(φ)
(4.6) flips sign at a singularity at a finite value of φ, while f(φ) remains positive for all φ.
For ǫ+ 6= ǫ−, (4.10) is still not satisfied for all φ in this case, since h(φ) and the term
in square brackets flip sign at different values of φ. For ǫ+ = ǫ− this problem is less severe
(the closed curve is null rather than timelike at the value of φ where h(φ) flips sign), but
the geometry is still pathological. Indeed, the determinant of the two dimensional metric
on the boundary is proportional to −fh, so when h flips sign one finds either two spatial
directions, or a space with CTC’s.
The above discussion can be summarized by saying that the qualitative behavior of
(4.8) is determined by the sign of the combination of couplings
Ψ = λ− (ǫ+ + ǫ−)2. (4.11)
For Ψ > 0, f and h are positive for all φ, and the resulting geometry (4.8) is smooth, with
no CTC’s. For Ψ < 0, the background (4.8) has pathologies – either CTC’s or no timelike
direction.
It is instructive to look at some examples of the above discussion:
11 There is also a curvature singularity at e−2φ = |λ|, as in (1) above.
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(I) ǫ− = ǫ+ ≡ ǫ/2: in this case, the metric (4.8) takes the form
ds2 = k(dφ2 − hdγ20 + fdγ21), (4.12)
with
f−1 = λ+ e−2φ , h−1 = λ− ǫ2 + e−2φ = Ψ+ e−2φ, (4.13)
and Ψ = λ − ǫ2, (4.11). For λ < 0, there is a CTC when e2φ > 1|λ| . For λ > ǫ2
(i.e. Ψ > 0), the geometry is smooth and free of CTC’s. In the intermediate region,
0 < λ < ǫ2, where Ψ < 0, there is a singularity at e2φ = 1/|Ψ|, beyond which there is
no timelike direction.
(II) ǫ− = −ǫ+ ≡ ǫ/2: the metric (4.8) is now given by
ds2 = k(dφ2 − fdγ20 + hdγ21) , (4.14)
with
f−1 = λ+ e−2φ , h−1 = λ+ ǫ2 + e−2φ , Ψ = λ . (4.15)
For λ > 0 the geometry is well behaved, as expected since Ψ > 0. For λ = Ψ < 0, it
is pathological. There are two distinct cases to consider. If |λ| < ǫ2, the function h
(4.15) is well behaved, but there is a singularity at e−2φ = |λ|, beyond which both γ0
and γ1 are spacelike, so there is no time. For |λ| > ǫ2, there is further a singularity at
e−2φ = |λ| − ǫ2, and a CTC beyond it.
(III) ǫ− = 0, ǫ+ ≡ ǫ [25]: the metric (4.8) is
ds2 = k(dφ2 + fdγdγ − ǫ2f2dγ2) , (4.16)
and
f−1 = h−1 = λ+ e−2φ , Ψ = λ− ǫ2. (4.17)
Positivity of (4.10) at large φ requires in this case λ > ǫ2 (i.e. Ψ > 0), and if this
condition is satisfied, the geometry is smooth and free of CTC’s for all φ.
We see that all three special cases are consistent with the general discussion above, and with
the conclusion that the geometry is free of CTC’s and has standard Lorentzian signature
for all φ if and only if the combination of couplings Ψ (4.11) is positive. In some cases
the geometry has singularities as well, but in some others the curvature remains bounded
everywhere.
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The examples above illustrate another point that will play a role in our discussion
below. Consider, for example, the special case |ǫ+| = |ǫ−| = ǫ/2, discussed in examples I
and II above. Near the boundary at φ→∞, the metric (4.8) takes in these cases the form
(4.12), (4.14), which can be written as
ds2b = kdφ
2 − k
Ψ
dγ20 +
k
Ψ+ ǫ2
dγ21 . (4.18)
The fact that the dilaton in (4.8) is linear in φ near the boundary implies that the entropy
of the theory is linear in the energy at high energies (e.g. [74]), S = βHE. Because of the
normalization of the dγ20 term in the metric (4.18), we expect βH to depend non-trivially
on Ψ,
βH ∼
√
Ψ , (4.19)
and in particular to go to zero as Ψ → 0. Thus, the theory obtained in that limit should
not have a Hagedorn growth. In the next section we will analyze the spectrum of string
theory in the deformed background (4.5) and verify this prediction.
The geometry at Ψ→ 0 is intriguing. For instance, in the special cases (4.12), (4.13)
and (4.14), (4.15), as φ→∞ it approaches AdS2 × S1 in Poincare´ coordinates,
ds2 → k
(
dφ2 − e2φdγ20 +
1
ǫ2
dγ21
)
, (4.20)
with gauge fields, B01, Aµ, and scalars Φ, σ whose explicit behavior is case dependent.
This means that in each sector with fixed charge under translations of y and γ1, the dual
theory will have the entropy of a certain extremal black object, such as an extremal two
dimensional charged black hole.
5. Spectrum
The main aim of this section is to derive the spectrum of string theory in the back-
ground (4.5), obtained by deforming the theory on massless BTZ × S1 by a general per-
turbation of the form (3.6). We will start by reviewing the spectrum of the undeformed
theory, and then discuss the effect of the deformation. We will focus our attention on long
string states, for reasons explained in section 2.
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5.1. Massless BTZ
5.1.1. The spectrum of the worldsheet sigma model on massless BTZ
The sigma-model Lagrangian on AdS3 in Poincare´ coordinates takes the form (4.3):
L = k
2π
(∂φ∂φ+ e2φ∂γ∂γ). (5.1)
The periodic identification (4.4) gives rise to the sigma model on massless BTZ. It is
convenient to rewrite it in the Wakimoto form [86-88],
LW = ∂φ∂φ+ β∂γ + β∂γ − exp
(
−
√
2
k
φ
)
ββ −
√
2
k
R̂φ, (5.2)
where R̂ is the curvature of the background metric.12 The Lagrangian (5.1) is recovered
upon integrating out the auxiliary fields β and β, treating carefully the measure of the
path integral, and rescaling the fields. The last term in (5.2) indicates that the dilaton
is linear in φ. The string coupling, gs, behaves as gs ∼ exp
(
−
√
1
2kφ
)
, implying that for
large φ, gs → 0. Near the boundary (i.e. as φ → ∞), the interaction term in (5.2) drops
out, and we are left with a free Lagrangian,
L = β∂γ + β∂γ + Lφ , (5.3)
where
Lφ = ∂φ∂φ−
√
2
k
R̂φ . (5.4)
Following [63], one can bosonize the β − γ system as
γ = iφ−, γ = iφ−,
β = i∂φ+, β = i∂φ+,
(5.5)
where φ± are defined in terms of the timelike and spacelike coordinates φ0 and φ1, respec-
tively, as
φ± =
1√
2
(φ0 ± φ1). (5.6)
The coordinates φ0 and φ1 are normalized as follows:
φµ(z)φν(w) ∼ −ηµν ln(z − w); ηµν = diag(−1, 1); µ, ν = 0, 1, (5.7)
12 (5.2) is the worldsheet action for the fermionic string. In the bosonic string, k is replaced by
k − 2.
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and similarly for φ0, φ1.
In terms of φ±, the Lagrangian of the free theory (5.3) is given by
L = −∂φ+∂φ− − ∂φ−∂φ+ + Lφ . (5.8)
Here φ± are regular scalar fields, which have both left and right-moving components. In
terms of the previously defined fields (5.5) – (5.7), the left (right)-moving component of
φ± in (5.8) is φ±(φ±) in (5.5). We will use the notation in (5.5) below, to emphasize the
relation of the fields to the original (β, γ) variables.
To implement the periodic identification of the spatial coordinate on the boundary,
(4.4), we introduce the twist fields,
tw = eiw(φ++φ+), w ∈ Z, (5.9)
and impose locality of physical vertex operators with tw. This leads to quantization of
the spatial momentum on the boundary. Multiplying physical operators with tw leads to
twisted sectors, which contain states with winding w around the boundary circle.
As we will see below, physical long string states have w ≥ 1. This can be thought of
as follows. The massless BTZ background is obtained by starting with an LST background
and adding to it p fundamental strings, each of which winds once around the circle, with a
certain orientation (see e.g. [60]). Long string states in the w twisted sector correspond to
‘ionizing’ w of the p strings into a single string state with total winding w and a non-zero
radial momentum.
Positive w corresponds to a string which winds around the circle with the same ori-
entation as the p− w remaining strings, that make up the massless BTZ background (we
assume that p≫ w, so the background is not significantly impacted by the “ionization”).
Such a string is mutually BPS with the background, and therefore can have any radial
momentum. Negative w corresponds to a string with opposite orientation to the strings
making up the vacuum. Such a string experiences a strong attractive force towards the
background strings. Hence, there are no physical long string states in sectors with w < 0.
The above procedure gives vertex operators of the form13
VBTZ = e
√
2
k
j(φ+φ)V wEL,R , (5.10)
13 It is enough for our purposes to consider string states that do not carry transverse excitations
in AdS3. It is possible to generalize the discussion to describe states that do.
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where
V wEL,R = e
iwφ++iELφ−eiwφ++iERφ−
= e
iw 1√
2
(φ0+φ1)+i
(E+P )R
2
1√
2
(φ0−φ1)e
iw 1√
2
(φ0+φ1)+i
(E−P )R
2
1√
2
(φ0−φ1).
(5.11)
(EL, ER) are given in terms of (E, P ) by eq. (2.6). They are the eigenvalues of
J−SL = β = i∂φ+; J
−
SL = β = i∂φ+, (5.12)
respectively. R sets the scale of the problem; one can think of it as the radius of compact-
ification of the boundary spatial coordinate γ1, (4.4).
As mentioned in section 2, states which carry radial momentum have j = −12 + is,
with s proportional to the momentum (see discussion around eq. (2.7)). They belong to
principal continuous representations of the underlying SL(2, IR) affine Lie algebra.14
The left and right-moving scaling dimensions ∆L,R of VBTZ are
∆L,R = −wEL,R − j(j + 1)
k
, ∆R −∆L = wn . (5.13)
We will next use them to calculate the spectrum of the spacetime theory.
5.1.2. The spectrum of the spacetime theory
Consider the type II superstring on massless BTZ ×N , which corresponds to a Ra-
mond ground state of the dual CFT2. Let
Vphys = e
−ϕ−ϕVBTZVN (5.14)
be a physical vertex operator of the theory in the (−1,−1) picture. Here VBTZ is a vertex
operator of the form (5.10), and VN is a primary of the worldsheet N = 1 superconformal
algebra in the CFT N , with left and right-moving scaling dimensions NL,R.
The on-shell condition reads:
∆L,R +NL,R − 1
2
= 0. (5.15)
14 In global AdS3 one can construct normalizable states in the principal discrete D
+ (D−)
representations of SL(2, IR) [55,66]. In massless BTZ, where we work in the parabolic basis of
SL(2, IR), the eigenvalues of J−
SL
can take any real positive (negative) value for the D+ (D−)
representations, and the states are delta function normalizable [89]; thus, all states are part of a
continuum.
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Plugging (5.13) into (5.15), one finds the mass-shell conditions (2.5). The states Vphys can
be thought of as describing a string that winds w times around the spatial circle in the BTZ
geometry, and is moving with a certain momentum (proportional to s, (2.7)) in the radial
direction, in a particular state of transverse oscillation, described by the vertex operator
VN . Equations (2.5), (2.6) give the energy and momentum on the boundary circle of such
a string, in terms of its radial momentum and transverse excitation levels. Note that, as
expected from our discussion above, states with positive energy only occur in sectors with
w > 0.
As described in section 2, the spectrum (2.5) is the same as that of the CFT(
M(L)6k
)p
/Sp, where the block M(L)6k is the CFT associated with one long string in the
BTZ background, and the winding w labels the twisted sectors [57,66].
5.2. The spectrum of the deformed theory
5.2.1. The spectrum of the deformed worldsheet sigma model
From the discussion in the previous subsection and section 4, it follows that at large
φ, the worldsheet sigma-model Lagrangian on massless BTZ × S1 in the presence of a
general deformation of the form (3.6) is given by [18,9,25]
L = −∂φ+∂φ− − ∂φ−∂φ+ + ∂y∂y − λ̂J−SLJ
−
SL − 2ǫ̂+KJ
−
SL − 2ǫ̂−J−SLK + Lφ, (5.16)
where Lφ is given in equation (5.4) and the couplings (λ̂, ǫ̂+, ǫ̂−) in (5.16) and below are
related to (λ, ǫ+, ǫ−) in (4.5) – (4.8) by [18,9,25]
(λ, ǫ2+, ǫ
2
−) =
R2
2α′
(λ̂, ǫ̂2+, ǫ̂
2
−). (5.17)
We set the radius of the circle parametrized by y to the self-dual value, Ry =
√
α′, for sim-
plicity. This corresponds to a particular choice of the charges of states in the undeformed
theory, and is easy to generalize to arbitrary Ry.
The currents J−SL and J
−
SL are given in (5.12); the left and right-moving U(1) currents
K and K are given by (4.1). Thus, at large φ the deformed worldsheet Lagrangian takes
the form
L = −∂φ+∂φ− − ∂φ−∂φ+ + λ̂∂φ+∂φ+ + 2ǫ̂+∂y∂φ+ + 2ǫ̂−∂φ+∂y + ∂y∂y + Lφ . (5.18)
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In the basis (φ+, φ−, y), the background metric Gµν and the antisymmetric B-field take
the form
G =
 λ̂ −1 (ǫ̂+ + ǫ̂−)−1 0 0
(ǫ̂+ + ǫ̂−) 0 1
 , B =
 0 0 −(ǫ̂+ − ǫ̂−)0 0 0
(ǫ̂+ − ǫ̂−) 0 0
 . (5.19)
The analog of the vertex operators (5.10) for the case of the deformed massless BTZ ×S1
background take the form
VBTZ×S1 = e
√
2
k
j(φ+φ)V wEL,R;qL,R , (5.20)
where
V wEL,R;qL,R =e
iwφ++iELφ−+iqLyeiwφ++iERφ−+iqRy
=e
iw 1√
2
(φ0+φ1)+i
(E+P )R
2
1√
2
(φ0−φ1)+i
1√
2
(ny−my)y
×eiw 1√2 (φ0+φ1)+i
(E−P )R
2
1√
2
(φ0−φ1)+i
1√
2
(ny+my)y,
(5.21)
with (EL, ER) given by (2.6), as before. The left and right-moving energies EL,R are now
functions of the couplings λ̂, ǫ̂±. The left and right-moving U(1) charges are given by
qL =
1√
2
(ny −my), qR = 1√
2
(ny +my), (5.22)
where ny, my ∈ Z are the quantized momentum and winding on the self-dual circle labeled
by y.
For general values of Ry, one instead has (ny, my) → (ny
√
α′/Ry, myRy/
√
α′), here
and below, in particular,
qL =
1√
2
(
ny
√
α′
Ry
− myRy√
α′
)
, qR =
1√
2
(
ny
√
α′
Ry
+
myRy√
α′
)
. (5.23)
Note that working at general Ry is the same as adding an arbitrary multiple of KK (4.1)
to the worldsheet Lagrangian (3.6), or equivalently adding an arbitrary multiple of JJ to
the spacetime one (3.7).
The problem of finding the spectrum of string theory in the background (5.18) is
similar in spirit to that encountered in the context of toroidal compactifications, where it
gives rise to the Narain lattice (see e.g. [90] for details). The slight novelty here is that
one of the directions involved is timelike. Taking this into account [9,25], one can use the
26
techniques developed in the context of Narain compactifications to derive the fundamental
string spectrum in the background (5.19).
The worldsheet dimensions of the vertex operators (5.20), (5.21) in the deformed
theory are given by
∆L,R =
PL,RP
t
L,R
2
− j(j + 1)
k
, (5.24)
where
PL,R =
(
nt +mt(B ∓G)) e∗,
e∗(e∗)t =
1
2
G−1,
(5.25)
with the momentum and winding quantum numbers nt and mt given respectively by
nt = (n+, n−, ny) =
1√
2
(
2w, ER,
√
2ny
)
,
mt = (m+, m−, my) =
1√
2
(
PR, 0,
√
2my
)
.
(5.26)
Plugging (5.25) and (5.26) in (5.24), the scaling dimensions of the vertex operators (5.20)
take the form
∆L,R = −wEL,R − λ̂
2
ELER +
1
2
(ǫ̂+ER + ǫ̂−EL)
2 + ǫ̂+qLER + ǫ̂−qREL +
q2L,R
2
− j(j + 1)
k
,
∆R −∆L = 1
2
(q2R − q2L) + wn.
(5.27)
We can use these dimensions to obtain the spectrum of the spacetime theory.
5.2.2. The spectrum of the deformed spacetime theory
Consider the type II superstring on deformed massless BTZ × S1 ×N , which corre-
sponds to the Ramond ground state of the deformed CFT2 (3.7). A large class of physical
perturbative string states in this theory can be described by vertex operators of the form
Vphys = e
−ϕ−ϕVBTZ×S1VN , (5.28)
where VBTZ×S1 has the form (5.20). As we’ve seen above, these operators have the same
form as in the undeformed theory, but the left and right-moving energies EL,R are in
general functions of the couplings λ̂, ǫ̂±. The scaling dimensions of VBTZ×S1 after the
deformation are given by (5.27), and the on-shell conditions for Vphys (5.28) are given by
(5.15), where NL,R are the left and right-moving scaling dimensions of VN .
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Following a similar line of argument used in constructing the spectrum of the spacetime
theory dual to massless BTZ, for generic λ̂, ǫ̂±, one finds
hw − kw
4
= EL +
λ̂
2w
ELER − 1
w
(
ǫ̂+qLER + ǫ̂−qREL +
1
2
(ǫ̂+ER + ǫ̂−EL)
2
)
,
hw − kw
4
= ER +
λ̂
2w
ELER − 1
w
(
ǫ̂+qLER + ǫ̂−qREL +
1
2
(ǫ̂+ER + ǫ̂−EL)
2
)
,
hw − hw = EL − ER = n,
(5.29)
where hw, hw are computed in the undeformed theory (i.e. they can be obtained by setting
λ̂ = ǫ̂± = 0 in (5.29), and using the mass-shell conditions of the undeformed theory).
As discussed in sections 2, 3, the spectrum (5.29) is expected to agree with that of a
symmetric product theory, with the block of the symmetric product given by a deformation
of the long string theory (2.1) by a general deformation of the form (3.7). In particular, for
w = 1 we expect to get the spectrum of the deformed block theory. The precise relation
between the worldsheet and spacetime couplings can be read off from the special cases of
this construction that were analyzed in [19,9],
t = πα′λ , µ± = 2
√
2α′ǫ± . (5.30)
The resulting spectrum of the deformed block theory takes the form:
ER = EL +ER = n+
1
2A
(
−B −
√
B2 − 4AC
)
, (5.31)
with
A =
1
4
(
(ǫ̂+ + ǫ̂−)
2 − λ̂
)
,
B =− 1 + ǫ̂+qL + ǫ̂−qR + nǫ̂−(ǫ̂+ + ǫ̂−)− λ̂n
2
,
C =2
(
h1 − c
24
− q
2
R
2
)
+ (qR + nǫ̂−)
2;
(5.32)
and
n = h1 − h1, c = 6k. (5.33)
Some comments about this result are in order:
(1) While the results (5.31) – (5.33) were obtained for the block of a symmetric product
CFT describing long strings on AdS3 × S1, (2.1), (2.4), they are applicable to any
deformed CFT (3.7), due to the universality of these perturbations, i.e. the fact that
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the energies of states in the deformed theory depend in a universal way on the energies,
momenta and charges of the corresponding states in the undeformed theory, and on
the couplings. For special values of the couplings this was discussed in [36,37]. In
appendix B we test this universality for generic values of the couplings.
(2) For pure TT and JT deformed theories, these results agree with the field theoretic
analysis of [1,2] and [9], respectively. For theories with both TT and JT turned on,
the recent results of [52] seem to agree with (5.31) – (5.33).
(3) An interesting question is what is the range of couplings in which the energies (5.31)
– (5.33) are real. Since the constant C is non-negative in the Ramond sector of a
unitary CFT, it’s clear that for A < 0 all energies are real. On the other hand,
for A > 0, states with large enough dimension for fixed values of the charges have
complex energies in the deformed theory. This is a generalization of the phenomena
found in the analysis of pure TT and JT deformed theories in [1,2,9] to all values of
the couplings.
(4) Interestingly, the range of couplings in which the theory has complex energies is the
same as that in which the geometry analyzed in section 4 had CTC’s or no timelike
direction. Indeed, there we found that the “bad” region was Ψ < 0 (4.11). Comparing
the definition of Ψ to A, we see that this is the same as A > 0 in (5.32).
(5) Another point of comparison between the geometry of section 4 and the spectrum
(5.31) – (5.33) concerns the high energy entropy of the theory in the “good” region
of coupling space, A < 0. The Cardy entropy of the undeformed CFT behaves at
large dimension h as S ∼ √h, where we omitted the overall constant, that is easy to
restore and will not be important below. In the deformed theory we see from (5.31)
that the energy behaves at large h as E ∼
√
C
|A| , where C is proportional to h (last
line of (5.32)). Thus, the entropy of the deformed theory behaves at large energy as15
S ∼√|A|E. This is in nice agreement with the analysis of section 4, (4.19).
(6) It is interesting to analyze the behavior of the spectrum (5.31) – (5.33) in the limit
A → 0−. States with B > 0 decouple in this limit – their energies go to +∞. The
energies of states with B < 0 approach finite values, limA→0− ER = n+
2C
|B| . Since B
depends only on the charges (qL, qR, n) of the state, for fixed values of the charges the
entropy grows like
√
E, but the coefficient of
√
E depends on the charges (through B).
This is an intermediate behavior between Cardy and Hagedorn. Our construction in
section 4 provides a bulk dual to this theory.
15 The numerical coefficient can be restored e.g. by comparing to the pure TT case.
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6. Discussion
The main goal of this paper was to extend the correspondence between single trace
deformations of string theory on AdS3 and irrelevant deformations of the dual CFT2
found in [18,19,9,24] to a larger class of theories. On the string theory side, we studied
the moduli space obtained by adding the generalized abelian Thirring deformations (3.6)
to the worldsheet sigma model on AdS3 × S1, which led to the background (4.5) – (4.7).
By calculating the spectrum of long fundamental strings in this background, given in eq.
(5.31) – (5.33), we obtained a prediction for a CFT2 deformed by a general combination
of couplings (3.7).16 Prior work established that this prediction is correct for the cases of
TT and JT deformed CFT; the recent work [52] appears to confirm the agreement for the
general case as well.
One of our main results is a precise correspondence between the condition that the
string background (4.5) – (4.7) is well behaved, i.e. has the correct signature and does not
have closed timelike curves, and the condition that the spectrum (5.31) – (5.33) is well
behaved, i.e. all eigenstates of the Hamiltonian have real energies. In the former case, we
found the condition Ψ ≥ 0, (4.11); in the latter, the identical condition, A ≤ 0, (5.32).
In some cases, the geometry (4.5) – (4.7) has curvature singularities as well as CTC’s,
however it seems that only the latter are related to the appearance of complex energies in
the dual field theory. It would be interesting to see if theories with CTC’s and complex
energies can be made sense out of. If that is the case, our holographic correspondence may
shed light on the way string theory resolves singularities and CTC’s, and the resulting
lessons can perhaps be used more broadly.
There are many other open problems related to the results of this paper. The connec-
tion between complex energies in the field theory and CTC’s in the dual bulk geometry
is reminiscent of the results of [91], which pointed out a similar relation for TT deformed
QFT. It would be interesting to understand this connection better, and see if holography
sheds any light on the fate of CTC’s in string theory and field theory.
In [36], it was shown that the spectrum of TT deformed CFT can be obtained by im-
posing modular invariance of the torus partition sum, and using the fact that the spectrum
16 We did not add a JJ term in (3.7), but this is easy to do, since it corresponds to adding
KK to the worldsheet Lagrangian [53]. The only effect of this deformation is to change the
spectrum of charges in the undeformed theory. The dependence of the energies on the charges
derived in section 5 remains the same. For example, in the special case (4.1), the effect of the
KK deformation is to change the undeformed charges from (5.22) to (5.23).
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has a universal structure – the energies of states in the deformed theory depend in a uni-
versal way on the energies and momenta of states in the undeformed theory. In [37], it was
pointed out that this construction has a generalization to JT deformed CFT. The spec-
trum of that theory is determined by demanding modular covariance of the partition sum
with a chemical potential for the charge that couples to the holomorphic conserved current
J , and the fact that the deformed energies depend in a universal way on the energies and
charges of their undeformed counterparts.
We have seen in section 5, (5.31) – (5.33), that the universality of the spectrum
generalizes to the case of arbitrary deformations of the form (3.7). Thus, it is interesting
to extend the discussion of [36,37] to these theories. The main obstacle for achieving this
is to understand the modular properties of the partition sum with chemical potentials
coupling to all the charges. We leave this to future work [92].
In section 2, we presented some evidence for the conjecture that the CFT dual to
string theory on AdS3 with NS H-flux takes the symmetric product form (2.10), perhaps
only at large p. It would be interesting to understand this better. This problem is also
related to matrix theory descriptions of vacua of Little String Theory. As reviewed above,
such vacua are described by linear dilaton backgrounds in string theory, and adding a large
number of strings to these backgrounds gives a DLCQ description of the LST, in a sector
with lightlike momentum equal to the number of strings.
As is well known, the spectrum of TT deformed CFTM is the same as that obtained
by studying (non-)critical string theory on IRt × S1 ×M and computing the spectrum of
excitations of a string wrapped once around the circle. The TT coupling is taken in this
construction to be proportional to α′. This observation is at first sight surprising, since we
do not expect to be able to quantize strings away from the critical dimension in a Poincare´
invariant way. However, it finds a natural home in our construction, since the transverse
directions for the string are in this case described by the CFT M6k described in section
2, and the central charge of this CFT, cM = 6k, is in general non-critical. At the same
time, the spectrum of such strings is given on the one hand by the standard string theory
formula for wound strings, and on the other, via our construction, by TT deformed CFT.17
For the special case k = 2, cM = 6k = 12 is the correct value for strings in the critical
dimension (with M describing the transverse space). This means that highly excited
fundamental strings in the critical dimension can be described thermodynamically as BTZ
17 More support for this picture is presented in appendix D.
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black holes with that value of k. This seems to be related to the proposal of [93] of a black
hole description of the thermodynamics of highly excited fundamental critical strings. It
would be interesting to explore this relation further.
It is also interesting to extend the above correspondence between TT deformed CFT
and wound strings to the larger class of theories described in this paper. In particular, it
would be nice to interpret the couplings ǫ± (4.5) from this point of view.
We saw in sections 4, 5 that, in general, in the region in coupling space where the
theory is well behaved (Ψ > 0, A < 0), the geometry is asymptotically linear dilaton, and
the spectrum is asymptotically Hagedorn. However, in the limit Ψ, A→ 0, one gets theories
that have a different behavior, both in the bulk and on the boundary. These theories
deserve further attention. They appear to belong to the class of ‘Warped CFT2’s’ that
plays a role in the attempts to describe Kerr black holes via the Kerr/CFT correspondence
[94] (for a review, see e.g. [95]).
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Appendix A. On the gap to the continuum
From eqs. (2.5), (2.7), in the w = 1 sector, we see that the gap from the ground state
to the continuum in string theory on massless BTZ ×N is given by
∆EL = ∆ER =
1
4k
+Nmin − 1
2
. (A.1)
Nmin is the minimal excitation level that survives the GSO projection in this theory.
The duality described in section 2 predicts that (A.1) should agree with the gap between
the Ramond ground state and the bottom of the continuum in the building block of the
symmetric product (2.4). This block is given by IRφ × N , (2.1), and the gap to the
continuum in it depends on the properties of N . In this appendix we show that it indeed
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agrees with (A.1), in two extreme cases: the superstring on AdS3 × S3 × T 4, where the
level k can be taken to be arbitrarily large, and on AdS3 × T 3, where it is fixed to one.
In the superstring on AdS3 × S3 × T 4, where the levels of the SL(2, IR) and SU(2)
current algebras are taken to be k, the continuum (2.7) begins at j = −12 and the lowest
value of NL,R allowed by the chiral GSO projection is NL,R =
1
2
, corresponding to a single
fermion excitation in the worldsheet NS sector, or by spin fields Sα constructed out of
eight fermions (in light cone gauge) in the Ramond sector. Hence, in this case eq. (A.1)
gives rise to a gap ∆EL,R =
1
4k
.
On the other hand, in the spacetime CFT, which as explained in section 2 is in this
caseM(L)6k = IRφ×SU(2)k×T 4, the Ramond ground state corresponds to scaling dimension
h0 =
c(M6k)
24 =
k
4 , while the lowest dimension operator in the continuum has dimension
hmin =
1
8 (Q
(L))2 + 12 =
k
4 +
1
4k . The
1
2 in the first expression comes from the dimension of
the spin field for all eight free fermions on IRφ × SU(2)k × T 4. In the second expression
we used the value of Q(L) in (2.2). We see that hmin − h0 = 14k , in agreement with the
duality prediction.
In the superstring on AdS3 × T 3, as mentioned above k = 1, and the lowest value of
the worldsheet excitation level is NL,R =
1
4 . In the worldsheet Ramond sector it is the
dimension of a spin field for the four worldsheet fermions in light cone gauge. In the NS
sector the gap must be the same due to spacetime supersymmetry, that relates the two.
Thus, (A.1) gives in this case ∆EL,R = 0, i.e. the gap to the continuum vanishes. This
behavior is familiar e.g. from [60,57].
The long string CFT (2.1) takes in this case the formM(L)6 = IRφ×T 3. The Ramond
ground state is at h0 =
c(M6)
24
= 1
4
, and the continuum starts at hmin =
1
8
(Q(L))2+ 1
4
= 1
4
,
where the 14 in the first expression is due to the spin field of the four free fermions on
IRφ × T 3, and in the second we used the fact that Q(L) = 0 when k = 1, (2.2). Thus,
in this case there is no gap between the ground state and the continuum in the Ramond
sector of the spacetime theory, in agreement with the duality.
Appendix B. The spectrum of tTT + µ+J1T + µ−TJ2 deformed CFT2
In the main text we argued that the spectrum of the deformed theory (3.7) is universal,
i.e. the deformed energies are given by a universal function of the undeformed energies,
momenta and charges, up to a potential reparametrization of the space of theories. In this
appendix we test this idea.
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In section 5 we computed the spectrum of the deformed theory dual to string theory on
AdS3 × S1. In that theory, the left and right-moving currents that enter the construction
(3.7) come from left and right-moving momenta on the S1. Here, we examine the case
where the left-moving current is associated with left-moving momentum on one S1, and
the right-moving one is associated with right-moving momentum on another.
Thus, we start with string theory on AdS3×S1×S1×N , with the two circles labeled
by y1 and y2, respectively, and deform it by
δLws = λJ−SLJ
−
SL + ǫ+K1J
−
SL + ǫ−J
−
SLK2 , (B.1)
where K1 = i∂y1 and K2 = i∂y2. As in section 5, we will take the radius of both circles
to be the self dual radius, but the generalization to arbitrary radii (and in fact arbitrary
metric and B-field on the two torus labeled by (y1, y2)) is straightforward.
In the basis (φ+, φ−, y1, y2), the background metric Gµν and antisymmetric B-field
take at large φ the form
G =

λ̂ −1 ǫ̂+ ǫ̂−
−1 0 0 0
ǫ̂+ 0 1 0
ǫ̂− 0 0 1
 , B =

0 0 −ǫ̂+ +ǫ̂−
0 0 0 0
ǫ̂+ 0 0 0
−ǫ̂− 0 0 0
 . (B.2)
The left and right-moving momenta along the y1 circle, (qL, qR), and those along the y2
circle, (QL, QR), are given by
qL =
1√
2
(n1 −m1), qR = 1√
2
(n1 +m1),
QL =
1√
2
(n2 −m2), QR = 1√
2
(n2 +m2),
(B.3)
where ni, mi ∈ Z are the momentum and winding along the yi circle (i = 1, 2).
Following the analysis of section 5, the momentum and winding charges nt, mt are
given by
nt = (n+, n−, n1, n2) =
1√
2
(
2w, ER,
√
2n1,
√
2n2
)
,
mt = (m+, m−, m1, m2) =
1√
2
(
PR, 0,
√
2m1,
√
2m2
)
.
(B.4)
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The dimensions of the low-lying vertex operators on deformed AdS3 × S1 × S1 take the
following form:
∆L,R =− wEL,R − λ̂
2
ELER +
1
2
(ǫ̂2+E
2
R + ǫ̂
2
−E
2
L) + ǫ̂+qLER + ǫ̂−QREL
+
q2L,R
2
+
Q2L,R
2
− j(j + 1)
k
,
∆R −∆L =1
2
(q2R − q2L) +
1
2
(Q2R −Q2L) + wn.
(B.5)
The spectrum of the deformed spacetime theory in the Zw twisted sector is given by
hω − kω
4
=EL +
λ̂
2w
ELER − 1
ω
(
ǫ̂+qLER + ǫ̂−QREL +
1
2
(ǫ̂2+E
2
R + ǫ̂
2
−E
2
L)
)
,
hω − kω
4
=ER +
λ̂
2w
ELER − 1
ω
(
ǫ̂+qLER + ǫ̂−QREL +
1
2
(ǫ̂2+E
2
R + ǫ̂
2
−E
2
L)
)
,
hω = hω =EL − ER = n.
(B.6)
Comparing (B.6) to (5.29), we see that the dependence of the deformed energies on the
undeformed quantum numbers is the same, except for a reparametrization of the space of
theories. Indeed, taking λ̂ → λ̂ − 2ǫ̂−ǫ̂+ in (B.6), reproduces the spectrum in (5.29). As
explained in the text, this reparametrization can be traced back to a different choice of
contact terms between the currents K and K in the worldsheet theory in section 5 and
here.
Appendix C. The deformed worldsheet sigma model
In this appendix, we present the details of the derivation of the deformed sigma-model
action (4.5) – (4.7). The technique we use can be applied to any WZW model deformed
by generalized abelian Thirring operators.
The WZW action on AdS3 × S1 is given in (4.3). The undeformed null SL(2, IR)L,R
currents and U(1)L,R currents that will play a role in our discussion are given by
J−SL = ike
2φ∂γ, J
−
SL = ike
2φ∂γ,
K = i∂y, K = i∂y.
(C.1)
Turning on an infinitesimal deformation of the form
δS =
δλ
2πk
∫
d2zJ−SLJ
−
SL −
δǫ+
π
√
k
∫
d2zKJ
−
SL −
δǫ−
π
√
k
∫
d2zJ−SLK, (C.2)
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and analyzing the deformed action at the first few orders in the couplings δλ, δǫ±, motivate
us to define the following ansatz for the exact deformed sigma-model action at finite λ, ǫ±:
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S(λ, ǫ+, ǫ−) =
k
2π
∫
d2z
(
∂φ∂φ+ F∂γ∂γ +G1∂γ∂y +G2∂y∂γ +
H
k
∂y∂y
)
, (C.3)
where F,G1,2 andH are functions of the marginal couplings λ, ǫ± and the radial coordinate
eφ, to be determined. The conserved null currents J−SL and J
−
SL and the U(1)L,R currents
K and K at arbitrary λ, ǫ± are given by
J−SL(λ, ǫ+, ǫ−) =ik (F∂γ +G2∂y) ,
J
−
SL(λ, ǫ+, ǫ−) =ik
(
F∂γ +G1∂y
)
,
K(λ, ǫ+, ǫ−) =ik
(
G1∂γ +
H
k
∂y
)
,
K(λ, ǫ+, ǫ−) =ik
(
G2∂γ +
H
k
∂y
)
.
(C.4)
The deformation (C.2) at finite λ, ǫ± yields the following differential equations:
∂S
∂λ
=
1
2πk
∫
d2zJ−SL(λ, ǫ+, ǫ−)J
−
SL(λ, ǫ+, ǫ−),
∂S
∂ǫ+
=− 1
π
√
k
∫
d2zK(λ, ǫ+, ǫ−)J
−
SL(λ, ǫ+, ǫ−),
∂S
∂ǫ−
=− 1
π
√
k
∫
d2zJ−SL(λ, ǫ+, ǫ−)K(λ, ǫ+, ǫ−).
(C.5)
The analysis in [9,25] provides the following initial conditions necessary to solve the above
differential equations:
S(λ, ǫ+, 0) =
k
2π
∫
d2z
(
∂φ∂φ+ f∂γ∂γ + 2
ǫ+f√
k
∂y∂γ +
1
k
∂y∂y
)
,
S(λ, 0, ǫ−) =
k
2π
∫
d2z
(
∂φ∂φ+ f∂γ∂γ + 2
ǫ−f√
k
∂γ∂y +
1
k
∂y∂y
)
,
(C.6)
where f is defined in (4.6). The differential equations (C.5) give rise to the following set
of partial differential equations:
∂F
∂λ
= −F 2, ∂G1
∂λ
= −FG1, ∂G2
∂λ
= −FG2, ∂H
∂λ
= −kG1G2,
∂F
∂ǫ+
= 2
√
kFG1,
∂G1
∂ǫ+
= 2
√
kG21,
∂G2
∂ǫ+
=
2FH√
k
,
∂H
∂ǫ+
= 2
√
kHG1,
∂F
∂ǫ−
= 2
√
kFG2,
∂G1
∂ǫ−
=
2FH√
k
,
∂G2
∂ǫ−
= 2
√
kG22,
∂H
∂ǫ−
= 2
√
kHG2,
(C.7)
18 In this appendix, λ, ǫ± are related to those in (3.6) by k-dependent factors, but agree precisely
with those that appear in the geometry (4.5), and the rest of the paper.
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and the initial conditions (C.6) give
F (λ, ǫ+, 0) = f, G1(λ, ǫ+, 0) = 0, G2(λ, ǫ+, 0) =
2ǫ+f√
k
, H(λ, ǫ+, 0) = 1,
F (λ, 0, ǫ−) = f, G1(λ, 0, ǫ−) =
2ǫ−f√
k
, G2(λ, 0, ǫ−) = 0, H(λ, 0, ǫ−) = 1.
(C.8)
The partial differential equations (C.7) with initial conditions (C.8) is solved by
F (λ, ǫ+, ǫ−) =h,
G1(λ, ǫ+, ǫ−) =
2ǫ−h√
k
,
G2(λ, ǫ+, ǫ−) =
2ǫ+h√
k
,
H(λ, ǫ+, ǫ−) =f
−1h,
(C.9)
where f and h are those in (4.6), and thus give rise to the exact deformed sigma-model
action in (4.5).
In the deformed theory, there is also a dilaton background, Φ, which can be obtained
e.g. by recalling that
√|detG|e−2Φ is invariant under marginal current-current deforma-
tions (see e.g. [96,97]); using this invariance, one gets the dilaton in equation (4.7).
Note that the analysis (C.3) – (C.9) is reminiscent of the spacetime analysis in TT
deformed CFT and its generalizations, in the sense that the infinitesimal perturbation (C.2)
around a generic point in theory space is done by adding to the worldsheet Lagrangian
bilinears in the currents that are conserved at that point in theory space (C.4), rather than
bilinears in the original currents. This is the worldsheet analog of the fact that in the
spacetime analysis we deform the theory at a generic point in the space of theories by
adding to the Lagrangian a bilinear in the currents conserved at that point, and not a
bilinear in the original currents, which are no longer conserved.
Appendix D. Insights from the null coset description
String theory with the single trace TT deformation ((3.6) with ǫ+ = ǫ− = 0) was
described in [19] as a coset of the worldsheet theory on
IRt × S1 ×AdS3 ×N (D.1)
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by a null U(1), a linear combination of J− and a lightlike translation generator on IRt×S1.
This description was found to be useful for understanding a number of things mentioned
in the text of this paper. In this appendix we briefly review them.
(1) The quantum number w in string theory on AdS3 and its deformed version (3.6) is
naturally related in this construction to the usual winding number around the S1
in (D.1). This provides an alternative way of understanding the winding number of
strings on AdS3 found in [55].
(2) The fact that the spectrum of TT deformed CFT is the same as the spectrum of
transverse excitations of a string wrapped once around a circle, with the transverse
space not necessarily critical, is a natural outcome of that construction (see e.g. eqs.
(3.1) – (3.10) in [19]).
(3) The fact that the spectrum of fundamental string states in the theory arranges itself
in a natural way into a symmetric product structure (2.10) is a simple consequence of
this feature for free critical strings ((3.11) – (3.13) in [19]). As mentioned in the text,
this feature plays an important role in matrix string theory [61,62].
(4) The construction of [19] naturally describes states in a basis of eigenstates of J−, J
−
(the parabolic basis in the language of [89]). In this basis, states |j, E〉 in the D+ (D−)
representations of SL(2, IR) are delta-function normalizable, and the spectrum is the
positive (negative) real line (see e.g. section 5 of [89]). Thinking of D+ as describing
in-states and D− as describing out-states, this feature of the spectrum is in agreement
with the fact that in the theory on the cylinder with periodic boundary conditions on
the circle, the energies of all states must be positive.
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